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9. Use Ito’s formula to compute E[W*(t)].
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10. Let {W(t),t € R*} denote the standard Brownian motion. Classify the following processes as martingales or

not:
a) X(t) =2W(t) —2
b) Y(t) = W2(t) —t
) Z(t) =W (t) — 2 [] sW(s)ds
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17. Let X = {X(¢),t > 0} and Y = {Y'(¢),t > 0} be two stochastic processes satisfying the following system of
SDE’s:

dX (t) = aX ()dt + Y (£)dW (t)
dY (t) = aY (H)dt — X (£)dW (t)

with X (0) = z¢ and Y (0) = yo, deterministic constants.

a) Show that R = {R(t), ¢ > 0}, with R(t) = X2(t) + Y2(¢), is deterministic.
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14. Let f: RT x R — R be a twice differentiable function, such that the Ito’s formula may be applied.
a) Show that f(¢,W(t)) is a martingale if and only if
5 142
— f(t ——f(t,x) = t,:
SH(ta) + 55 (4e) =0, Vho
b) As an application, show that {W?2() —t,t > 0} is a martingale. Show also this result from the definition
of a martingale (the equality of the conditional expectation).

¢) For a,b € R, define the process X by {X(t) = e®W )=t ¢ > 0}. Determine the relationship between a and
b in order for X to be a martingale.



17. Let X = {X(t),t > 0} and Y = {Y(¢),t > 0} be two stochastic processes satisfying the following system of
SDE’s:

dX (t) = aX (t)dt + Y (£)dW (t)
dY (t) = aY (t)dt — X (£)dW (t)

with X (0) = 2 and Y (0) = yo, deterministic constants.

a) Show that R = {R(t),t > 0}, with R(t) = X2(t) + Y?(t), is deterministic.



20. Consider the processes {X(t) : t > 0} and B(t) : t > 0}, where

X(t) = W(t) — tW(1)
B(t) = (t+1)X (1)

Show that {B(t),t > 0} is also a Brownian motion.



92. Let M = {M(t),t > 0}, with

W?2(t) >

M(t) = exp <_2(1—t)

1—1¢
a) Derive a stochastic differential equation such that M is a solution.
b) Show that M is a martingale.
c¢) Compute E[M(t)].















